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Abstract
The binary optimal self-orthogonal codes of dimension 4 k 10 and length 15 n k + 16 are classiﬁed. They are used
for constructing self-dual codes of lengths 40, 42, and 44. All optimal binary self-dual codes of lengths 42 and 44 which have
an automorphism of order 5 with four independent cycles are obtained up to equivalence. All optimal self-dual codes of lengths
40, 42 and 44 which have an automorphism of order 3 with six independent cycles are constructed. Some of them are the ﬁrst
known codes with their weight enumerators.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction
An [n, k] linear code C over the binary ﬁeld F2 is a k-dimensional subspace of Fn2. The Hamming weight of a vector in Fn2 is
the number of its nonzero coordinates. The minimum weight d of C is the minimum weight of its nonzero codewords and C is
called an [n, k, d] code. Two binary codes are equivalent if one can be obtained from the other by a permutation of coordinates.
The permutation  ∈ Sn is an automorphism of C if C = (C). The set of all automorphisms of C forms the automorphism
group Aut(C) of C.
For every u= (u1, ..., un) and v = (v1, . . . , vn) from Fn2, u · v = u1v1 + u2v2 + · · · + unvn deﬁnes the inner product in Fn2.
The dual code of C is C⊥ = {v ∈ Fn2 : u · v = 0 ∀u ∈ C}. If C ⊂ C⊥, C is called self-orthogonal, and if C = C⊥, we say that
C is self-dual. Self-dual codes with the highest minimum weight for a given length are called optimal. A doubly even code is a
binary code for which the weight of every vector is divisible by four. Self-dual doubly even codes exist only when n is a multiple
of eight. If not all weights are divisible by four the code is singly even.
The highest possible minimum weight of the self-dual codes of lengths n = 40, 42, and 44 is 8. All singly even self-dual
[40,20,8] codes having automorphisms of odd prime order p 5 were classiﬁed in [5]. There are two inequivalent codes with an
automorphism of order 7 and 37 inequivalent codes with an automorphism of order 5. Only one of them has an automorphism of
order 5 with four cycles in its automorphism group. If a self-dual [40 n 44, n2 , 8] code has an automorphism of order 5 with
c cycles, then c = 8 or 4 [5]. All optimal binary self-dual codes of lengths 42 and 44 which have an automorphism of order 5
with eight independent cycles were obtained up to equivalence in [3]. There are 109 inequivalent [42,21,8] and 512 inequivalent
[44,22,8] self-dual codes with such an automorphism. It was proved that if 25 divides the order of the automorphism group of
some of these codes it has an automorphism of order 5 with four cycles. Only one code of length 42 and six codes of length
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44, obtained in [3], have automorphism groups of orders divided by 25. In these two papers, it was proved that if a self-dual
[40 n 44, n2 , 8] code has an automorphism of order 3 with c cycles, then c 6.
In this work, we construct all self-dual [40 n 44, n2 , 8] codes having an automorphism of order 3 with six independent
cycles, and of order 5 with four independent cycles. To do that we apply the method for constructing self-dual codes via an
automorphism of odd prime order (see [11,15]). We give a description of this method in Section 2. These automorphisms have a
lot of ﬁxed points that is why we need a tool to classify all self-orthogonal codes of lengths 20, 22, 24, 26 of given dimensions. To
do that, we use the programQ-EXTENSION [1]. It constructs all inequivalent [n, k, d] codes by extending the [n−1, k−1, d]
subcodes. We present the classiﬁcation results for self-orthogonal codes in Section 3. In Section 4, we give the classiﬁcation of
the self-dual [40,20,8] codes with an automorphism of order 3 with six cycles. In Section 5, we classify the self-dual [42,21,8]
codes having automorphisms of type 5-(4,22) or 3-(6,24). In the last section, we construct all self-dual [44,22,8] codes with an
automorphism of order 5 with four independent 5-cycles and an automorphism of order 3 with six cycles.
2. Construction method
Let C be a binary self-dual code of length 44 n 40with an automorphism  of order p (p=3 or 5) with exactly c independent
p-cycles and f = n− cp ﬁxed points in its factorization. We may assume that
= (1, 2, . . . , p)(p + 1, . . . , 2p) · · · ((c − 1)p + 1, . . . , cp). (1)
Denote the cycles of  by 1,2, . . . ,c, and the ﬁxed points by c+1, . . . ,c+f . Let F(C)= {v ∈ C : v = v} and
E(C)= {v ∈ C : wt(v|i ) ≡ 0(mod 2), i = 1, . . . , c + f }, where v|i is the restriction of v on i .
Lemma 1 (Huffman [11]). The code C is a direct sum of the subcodes F(C) and E(C).
Thus each choice of the codes F(C) and E(C) determines a self-dual code C. So for a ﬁxed length all self-dual codes with
an automorphism  can be obtained.
Clearly, v ∈ F(C) iff v ∈ C and v is constant on each cycle. Let  : F(C) → Fc+f2 be the projection map where if
v ∈ F(C), (v)i = vj for some j ∈ i , i = 1, 2, . . . , c + f .
Denote by E(C)∗ the code E(C) with the last f coordinates deleted. So E(C)∗ is a self-orthogonal binary code of length
cp. For v inE(C)∗ we let v|i = (v0, v1, . . . , vp−1) correspond to the polynomial v0+ v1x+· · ·+ vp−1xp−1 from P, where
P is the set of even-weight polynomials in F2[x]/(xp + 1). Thus we obtain the map  : E(C)∗ → Pc. When p = 3 or 5, P is
a ﬁeld with 2p−1 elements and the polynomial e = x + · · · + xp−1 is the identity of P (see [5]).
Theorem 2 (Huffman [11]). The binary codeCwith an automorphism deﬁned in (1) is self-dual iff the following two conditions
hold:
(i) C = (F(C)) is a self-dual binary code of length c + f ;
(ii) (E(C)∗) is a self-dual code of length c over the ﬁeld P under the inner product
(u, v)=
c∑
i=1
uiv
2(p−1)/2
i .
Let B, respectively D, be the largest subcode of C whose support is contained entirely in the left c, respectively, right f,
coordinates. Suppose B and D have dimensions k1 and k2, respectively. Let k3 = k − k1 − k2 where k = c+f2 is the dimension
of C. Then there exists a generator matrix for C in the form
G =
(
B O
O D
E F
)
, (2)
where B is a k1 × c matrix with gen(B) = [B O], D is a k2 × f matrix with gen(D) = [O D], O is the appropriate size zero
matrix, and [E F ] is a k3 × n matrix. Let B∗ be the code of length c generated by B, BE the code of length c generated by the
rows of B and E, D∗ the code of length f generated by D, and DF the code of length f generated by the rows of D and F. Then
the following Lemma holds.
Lemma 3 (Pless et al. [12]). With the notation of the previous paragraph
(i) k3 = rank(E)= rank(F ),
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(ii) k2 = k + k1 − c = c+f2 + k1 − c = f−c2 + k1, and
(iii) B⊥
E
= B∗ and D⊥
F
=D∗.
2.1. p = 5
In this case P is a ﬁeld with 16 elements.We consider the elements of P ∗ =P \{0} in the form ij , 0 i 4, 0 j 2, where
= xe= 1+ x2 + x3 + x4 is an element of P ∗ of order 5 and = x + x4 is an element of order 3. The orthogonality condition
gives us that up to equivalence (E(C)∗) has a generator matrix
G =
(
e 0  2
0 e 2 
)
.
So we have a unique up to equivalence subcode E(C)∗ and its generator matrix is
GE =


01111000000100100110
10111000001010000011
11011000000101010001
11101000000010111000
00000011110011001001
00000101110001110100
00000110111000101010
00000111011100000101


.
The code (F(C)) in this case is a binary self-dual code of length 4+ f .
Let the minimum weight of C be 8. If v = (111100 . . . 0) ∈ (F(C)) then −1(v) + (−1(e, e, e, e), 00 . . . 0) will be a
codeword in C of weight 4 which contradicts the minimum weight of C. If v = (110000 . . . 0) ∈ (F(C)) then −1(v) +
(−1(e, , 2, 0), 00 . . . 0) will be a codeword in C of weight 6. Similarly, we reject all vectors of weight 2 with 0’s in the last f
coordinates. It follows that k1 = 0 and
G =
(
0 D
I4 F
)
, (3)
whereD generates a [f, f2 −2, 8] self-orthogonal code, andDF is its dual code. Since (F(C)) contains the all one’s vector,
the self-orthogonal code D∗ is not self-complementary.
If the matrix 5I4 is obtained from I4 by taking its columns ﬁve times then
G=
(
GE O
O D
5I4 F
)
(4)
is a generator matrix of the self-dual code C.
2.2. p = 3
P = {0, e = x + x2, = xe,2 = x2e} is a quaternary ﬁeld and (E(C)∗) is a Hermitian quaternary self-dual code of
length 6. Since the minimum weight of E(C) is at least 8, this Hermitian code should have minimum weight at least 4. Up to
equivalence, a unique such code exists and it has a generator matrix (see [6])
G =
( 2 2  0 0
0  2 2  0
e e e e e e
)
.
So we have a unique up to equivalence subcode E(C)∗ and its generator matrix is
GE =


101110110101000000
110011011110000000
000101110110101000
000110011011110000
011011011011011011
101101101101101101

 .
The code (F(C)) in this case is a binary self-dual code of length 6+ f .
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If v = (11111100 . . . 0) ∈ C then −1(v) + (−1(e, e, e, e, e, e), 00 . . . 0) will be a codeword from C of weight 6 which
contradicts the minimum weight of C. If v= (111100 . . . 0) ∈ (F(C)) then −1(v)+ (−1(e,,, e, 0, 0), 00 . . . 0) will be
a codeword from C of weight 4. Since (E(C)∗) is an MDS code, for all sets {i1, i2, i3, i4} such that 1 i1< i2< i3< i4 6,
(E(C)∗) contains a codeword of weight 4 with a support {i1, i2, i3, i4}. Hence C does not contain a codeword of weight 4
with 0’s in the last f coordinates. If v = (110000 . . . 0) ∈ (F(C)) then −1(v) is of weight 6. It follows that k1 = 0 and
G =
(
0 D
I6 F
)
, (5)
where D generates a [f, f2 − 3, 8] self-orthogonal code, and DF is its dual code. As in the previous case the code D∗ is not
self-complementary.
If the matrix 3I6 is obtained by taking the columns of I6 three times then
G=
(
GE O
O D
3I6 F
)
(6)
is a generator matrix of the self-dual code C.
3. Classiﬁcation of some self-orthogonal codes
Using the program Q-EXTENSION [1], we classify the self-orthogonal [n, k, 8] codes for 4 k 10 and 15 n k + 16.
Lemma 4 (Dodunekov and Encheva [10]). A unique [24− s, 12− s, 8] self-orthogonal code exists for s = 0, 1, 2, 3, 4, 5.
We can obtain these codes by shortening the extended Golay code g24, that is why we denote them by g24−s , s = 1, . . . , 5.
Lemma 5. A unique [15, 4, 8] self-orthogonal code exists. A unique [16, 5, 8] self-orthogonal code exists. No [17, 6, 8] self-
orthogonal code exists.
The well-known simplex code is the only linear [15,4,8] code. Since any self-orthogonal [16,5,8] code contains a [15,4,8]
subcode, we extend it and obtain only one up to equivalence [16,5,8] self-orthogonal code. It is generated by the matrix with rows
FE01, F1C2, CDA4, AB68, 96F0, presented in hexadecimal numbers. But this code cannot be extended to a self-orthogonal
[17,6,8] code.
Lemma 6. Up to equivalence, there exist exactly two [16, 4, 8], two [17, 4, 8], ten [18, 4, 8], twelve [19, 4, 8], and ﬁfty [20, 4, 8]
self-orthogonal codes without zero columns.
To construct the codes, we use the identity matrix I4 and ﬁll in the remaining columns. To obtain self-orthogonal codes with
dimension  5, in any step we extend the self-orthogonal [n, k, 8] codes to the self-orthogonal [n+ 1, k + 1, 8] codes. We give
the number of these codes as follows.
n− k k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
11 Unique Unique — — — — —
12 2 Unique 2 g19 g20 g21 g22
13 2 5 2 4 2 2 2
14 10 10 23 15 16 12 16
15 12 50 57 117 104 124 60
16 50 101 416 848 1824 1891 1689
We give the number of the self-orthogonal codes without zero columns. For example, there are 20 self-orthogonal [21, 7, 8]
codes but one of them has two zero columns and four of them have one zero column so their dual distance is 1. We present the
codes we need to construct the optimal self-dual codes of lengths 40, 42, 44, in separate lemmas.
Lemma 7. There are exactly 19 inequivalent self-orthogonal [22, 8, 8] codes. One of them has two zero columns, two have one
zero column, 12 codes have dual distance 2, and three have dual distance 3. None of the codes is self-complementary.
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The ﬁrst code is obtained from g20 by adding two zero columns. We denote the two codes with one zero column byD
(1)
21 and
D
(2)
21 , and the other 16 codes by D1,D2, . . . , D16. Their generator matrices are:
D
(1)
21 —FE0080, C1F000, B9C000, B53000, AAB000, 96E100, 8F5200, 07BC00;
D
(2)
21 —FE0080, F1C000, E93000, 8EB000,D47000, F7B900, CB8A00, 2F2C00;
D1—FF0000, F0F000, 5CAC00, 9ACA00, 366900, 4E4800, B82800, 42E8C0;
D2—73D000, FCA000, 647C00, 3A6A00, 4CD100, 6A3100, 0CE800, 32A1C0;
D3—7BA000, FC5000, 9E2C00, B0EA00,D88900, E2C100, FA6900, 6C81C0;
D4—ABB000,DE5000, 731C00, 953A00, 7A2100, C91800, 2B0900, 4829C0;
D5—B3E000, 7E5000, 9CCC00, 64EA00, F48100, 84E100, 62C100, A0C9C0;
D6—B3E000, FC9000, 2ECC00, 762A00, 8CE100, 6AA100, F20100, 82A1C0;
D7—FF0000, F0F000, 9C6C00, 5AAA00, 36C900, EEE800, 2E2800, 3600C0;
D8—FF0000, F0F000, 9C6C00, 5AAA00, 36C900, EEE800, 2E2800, 5660C0;
D9—F3C000, 6EB000,D0BC00, E45A00, F42100, C68900, 64C100, F4F0C0;
D10—6FC000,DCB000, 34DC00, 2E3A00, 7A2100, 64A900, 7C0800, 1E51C0;
D11—F5C000, 9AF000, AC6C00, 726A00, 4EC900, FEA800, 26E000, A440C0;
D12—DBC000, 3CF000, F0AC00, 7E0A00, 966900, 4E6000, A2E000, 1AA8C0;
D13—6F6000, BCD000,D46C00, A2EA00, F24100, 3E0100, 5CA000, 64C9C0;
D14—5FA000, AAF000, 666C00,D86A00, 966100, F88000, 62A080, 4C8140;
D15—C7E000, BE9000, 6D8C00, B1AA00, 6E2100, A2A100, AFA980,D3A940;
D16—77A000, F87000, 5A9C00, 1CEA00, 12F100, 646800, 68A880, 684140.
Lemma 8. There are exactly three inequivalent self-orthogonal [22, 9, 8] codes.
These codes have generator matrices Dj = (Aj |I9), j = 1, 2, 3, where
A1 =


0111111100000
0111100011100
0110011011010
0101011010101
0110110000111
0101101001011
0100000111111
0011001111001
0000111110011


, A2 =


1111111000000
1100000111110
1011100111000
1011010100110
1100011100101
1111101110111
1000111110010
0011011110001
0000101111101


, A3 =


1111111000000
1111000111000
1110100100110
1100110110001
1010011110100
1100011000111
1100101011100
0010111001110
0100010111110


.
The ﬁrst code is obtained from the shortened Golay code g21 by adding a zero column. The second code has dual distance 2 and
the third code has dual distance 3.
Lemma 9. There are exactly 139 inequivalent self-orthogonal [24, 9, 8] codes. One of them has three zero columns, two have
two zero columns, 12 have one zero column, and 124 codes have no zero columns. Of these 26 codes are self-complementary.
As these codes are too many, we do not list their generator matrices.
Lemma 10. There are exactly 19 inequivalent self-orthogonal [24, 10, 8] codes. One of them has two zero columns, two have
one zero column, nine codes have dual distance 2, four codes have dual distance 3, and three have dual distance 4. Six of the
codes are self-complementary.
We do not give generator matrices of these codes because we have them as a part of the presented generator matrices of the
self-dual [44,22,8] codes with an automorphism of order 5.
Lemma 11. There are exactly 1768 inequivalent self-orthogonal [26, 10, 8] codes. One of them has four zero columns, two have
three zero columns, 16 have two zero columns, 60 have one zero column, and 1689 codes have no zero columns. Of these 73
codes are self-complementary.
6 S. Bouyuklieva /Discrete Mathematics 287 (2004) 1–10
4. Optimal self-dual codes of length 40
As we mentioned in the beginning, only one singly even self-dual [40,20,8] code has an automorphism of order 5 with four
cycles in its automorphism group [5].Yorgov has proved in [14] that only one doubly even [40,20,8] code has an automorphism of
this type. So we will consider here codes with these parameters having an automorphism of order 3 with six independent cycles.
Let C be such a code with an automorphism  deﬁned in (1). The code (F(C)) in this case is a binary self-dual [28, 14, 4]
code with a generator matrix G given in (5) where D generates a [22, 8, 8] self-orthogonal code. A unique self-orthogonal
[20,8,8] code exists. Adding two zero columns and using construction (6), up to equivalence we obtain two self-dual [40,20,8]
codes. The ﬁrst one has an automorphism group of order 44236800 = 216 · 33 · 52 and hence it has an automorphism of order
5 with four cycles. Therefore this code is equivalent to the code constructed in [5]. The second code is doubly even. Adding a
zero column to the self-orthogonal [21,8,8] codes, we obtain 3 self-dual [40,20,8] codes. Using the 16 self-orthogonal [22,8,8]
codes without zero columns we construct 43 inequivalent self-dual [40,20,8] codes. Fifteen of them are doubly even.
The possible weight enumerators for singly even self-dual [40,20,8] codes areW(y)=1+(125+16)y8+(1664−64)y10+
(10720+ 32)y12+ · · · for = 0, 1, . . . , 10 [7]. Self-dual codes having a weight enumeratorW for = 0, 1, . . . , 8 and 10 have
been obtained (see [4,5]). Only the existence of a code for = 9 is not known. Unfortunately, we have not obtained a code for
this value of . We construct codes with weight enumeratorsW for = 1, 2, . . . , 8, 10. The results are listed as follows.
 Number of codes [22,8,8] subcode |Aut(C)|
1 1 D10 26 · 33
2 1 D13 25 · 9
3 2 D6,D14 144, 48
4 6 D(2)21 ,D5,D8,D10,D13,D15 2
8.81,25.9,29.3,26.27,25.9,18
5 3 D5,D10,D14 24.3,24.9,22.3
6 6 D3,D6,D6,D8,D9,D14 25.9,72,25.9,29.3,144,12
7 7 D(2)21 ,D3,D4,D7,D11,D15,D16 2
6.34,26.9,26.27,25.3,27.3,72,48
8 3 D(1)21 ,D1,D7 2
12 · 9, 210 · 3, 29 · 3
10 1 g20 216 · 33 · 52
Theorem 12. Exactly 46 inequivalent self-dual [40, 20, 8] codes have an automorphism of order 3 with six independent cycles
and 22 ﬁxed points. Sixteen of them are doubly even.
5. Optimal self-dual codes of length 42
All possible weight enumerators of putative or known optimal self-dual codes of length not exceeding 72 are given in [7].
These weight enumerators for length 42 are
W1(y)= 1+ (84+ 8)y8 + (1449− 24)y10 + (10640− 16)y12 + · · ·
for 0  60 and
W2(y)= 1+ 164y8 + 697y10 + 15088y12 + 33456y14 + · · · .
Self-dual codes exist with a weight enumerator W1 for = 0, 1, . . . , 16, 18, 20, 22, 24, 26, 32, 42 [4]. A code with the second
type weight enumerator is shown in [13]. We construct self-dual codes with a weight enumeratorW1 for = 4, 6, ..., 22, 24, 28,
32, and 42. Independently, Dalan has constructed self-dual [42,21,8] codes with weight enumerator W1 for =17, 19, 21 and
28 [9].
Let C be a self-dual [42,21,8] code with an automorphism  of order 5 with four cycles. The code (F(C)) in this case is a
binary self-dual [26, 13, 4] code with a generator matrixG given in (3) where D generates a [22, 9, 8] self-orthogonal code.
There are exactly three inequivalent self-orthogonal [22,9,8] codes. From the ﬁrst code we obtain only one up to equivalence
[42,21,8] self-dual code. It has a weight enumerator W1 with  = 42. The second code gives us only one up to equivalence
[42,21,8] code whose weight enumerator is W1 for  = 32. This code is equivalent to the code C(1) obtained in [3]. Using the
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third code, we construct the code C423 with weight enumeratorW1 for = 28. Its generator matrix is


GE O
O D3
1111111111111111111 11111111111111111111111
1111110000000000000 00000000000010100000000
0000001111110000000 00000000000101000000000
1110001110000000000 00000000000110000000000
1111111110001110000 01101111001001000000000
1111111110000000000 10111101000001000000000


.
Theorem 13. Three inequivalent self-dual [42, 21, 8] codes have an automorphism of order 5 with four independent cycles and
22 ﬁxed points.
Now let C be a self-dual [42,21,8] code with an automorphism  of order 3 with six cycles. The code (F(C)) in this case
is a binary self-dual [30, 15, 4] code with a generator matrix G given in (5) where D generates a [24, 9, 8] self-orthogonal
code. From the shortened Golay code g21 by adding three zero columns we obtain only one up to equivalence [42,21,8] self-dual
code. It has a weight enumeratorW1 with = 42 and the order of its automorphism group is 214 · 35 · 52 · 72. Hence this code
is equivalent to the above constructed code.
From the other 14 self-orthogonal [24,9,8] codes with zero columns and 124 self-orthogonal [24,9,8] codes without zero
columns we obtain 313 self-dual [42,21,8] codes.
Theorem 14. Exactly 314 inequivalent self-dual [42, 21, 8] codes have an automorphism of order 3 with six independent cycles
and 24 ﬁxed points.
Six of these codes have weight enumeratorW2. We describe the weight enumerators of the other 307 codes as follows.
 4 6 7 8 9 10 11 12 13 14 15
Number of codes 1 5 12 17 12 9 10 23 30 40 50
 16 17 18 19 20 21 22 24 26 28 32
Number of codes 28 18 28 7 5 1 4 3 2 1 1
The last two codes have automorphisms of order 5 and they are equivalent to the constructed via an automorphism of order 5
codes.
6. Self-dual [44,22,8] codes
The weight enumerators for length 44 are
W1(y)= 1+ (44+ 4)y8 + (976− 8)y10 + (12289− 20)y12 + · · ·
for 10  122 and
W2(y)= 1+ (44+ 4)y8 + (1232− 8)y10 + (10241− 20)y12 + · · ·
for 0  154.
Codes are constructed with weight enumeratorW1 for = 10, . . . , 48, 50, 52, 54, 56, 58, 60, 62, 64, 66, 70, 74, 82, 90, 122,
and with weight enumerator W2 for  = 0, . . . , 48, 50, 52, . . . , 56, 58, 60, 62, 64, 66, 68, 70, 72, 74, 76, 82, 86, 90, 104, 154
[4,8]. Recently, Dalan has constructed [44,22,8] self-dual codes with weight enumeratorsW1 for = 49, 51, 53, 55, 57, 59, 63,
65, 67, 68, 72, 86, andW2 for =49, 51, 59 [9].
Let C be a self-dual [44,22,8] code with an automorphism  of order 5 with four cycles. The code (F(C)) in this case is a
binary self-dual [28, 14, 4] code with a generator matrixG given in (3) whereD generates a [24, 10, 8] self-orthogonal code.
A unique [22,10,8] code exists and it is the shortened Golay code g22. Adding two zero columns, we obtain a [24,10,8] code
which gives us a unique up to equivalence [44,22,8] self-dual code. It has a weight enumeratorW2 for =154 and it is equivalent
to the code with the same weight enumerator from [3].
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After adding a zero column to both inequivalent [23,10,8] self-orthogonal codes we obtain two [24,10,8] codes with dual
distance 1. They give us two self-dual [44,22,8] codes which are equivalent to the codes with weight enumeratorsW2 for =104,
andW1 for = 122 [3].
We have 16 inequivalent [24,10,8] self-orthogonal codes with dual distance at least 2. Six of them are self-complementary and
we cannot use them to construct a self-dual [44,22,8] code. From the remaining 10 codes we obtain exactly ﬁfteen inequivalent
self-dual [44,22,8] codes. We list the weight enumerators and the orders of the automorphism groups of these codes as follows.
No  |Aut(C)| No  |Aut(C)|
1 82(1) 216 · 32 · 52 9 74(2) 217 · 32 · 52
2 86(1) 213 · 33 · 5 13 74(2) 29 · 33 · 5
3 90(1) 215 · 33 · 5 11 76(2) 29 · 34 · 5
4 68(2) 29 · 34 · 5 10 82(2) 215 · 33 · 5
5 70(2) 29 · 33 · 5 12 86(2) 213 · 27 · 5
6 72(2) 212 · 32 · 5 14 90(2) 216 · 32 · 52
7 72(2) 211 · 32 · 5 15 104(2) 213 · 34 · 52 · 7
8 72(2) 213 · 33 · 5
To investigate the constructed codes for equivalence and to compute the orders of their automorphism groups, we have used
the program of Bouyukliev [2]. We list only a generator matrix of the subcode C of the [44,22,8] self-dual codes with an
automorphism of order 5. The other part of the generator matrix is presented in Section 3.
G1 : 0FE0200, 0F1C100, 089F080, 08F2840, 0C6E020, 08E9410, 0C16C08, 00CEC04, 045D402, 0746401,
FFFFFFF, C300000, A200301, 860002A;
G2 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 02E4C01,
FFFFFFF, C018000, 2900040, 8230028;
G3 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 0493C01,
FFFFFFF, E900040, D018001, 9300006;
G4 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 03D5001,
FFFFFFF, E018001, C300006, 9900041;
G5 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 0493C01,
FFFFFFF, 8900040, 4018001, A300006;
G6 : 0FE0200, 0F1C100, 089F080, 08F2840, 0C6E020, 08E9410, 0C16C08, 00CEC04, 045D402, 0746401,
FFFFFFF, C300000, A200301, 760002A;
G7 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 02E4C01,
FFFFFFF, C018000, E900040, B230028;
G8 : 0FE0200, 0F1C100, 0FDB880, 0CBA040, 0BFE420, 0B25410, 0B46808, 029E804, 06D8402, 03D5001,
FFFFFFF, 8018001, 6300006, C900041;
G9 : 0FE0200, 0F1C100, 0CC3880, 0E92440, 0C0F420, 0AD8810, 0C7A008, 06CE004, 0663402, 02E5801,
FFFFFFF, 8100300, E502000, 4C00016;
G10 : 0FE0200, 0F1C100, 0CC3880, 0E92440, 0C0F420, 0AD8810, 0C7A008, 06CE004, 0663402, 03AC801,
FFFFFFF, C100301, A149000, 1C00016;
G11 : 0FE0200, 0F1C100, 0E93C80, 0D4BC40, 0C76020, 0BFF010, 0CAD008, 06CE004, 05BA002, 05D5C01,
FFFFFFF, C000C00, A001818,8C02820.
Now let C be a self-dual [44,22,8] code with an automorphism  of order 3 with six cycles. The code (F(C)) in this case is
a binary self-dual [32, 16, 4] code with a generator matrix G given in (5) where D generates a [26, 10, 8] self-orthogonal
code. From the shortened Golay code g22 by adding four zero columns we obtain only one up to equivalence [44,22,8] self-dual
code. It has a weight enumeratorW2 with = 154 and it is equivalent to the above constructed code.
Both self-orthogonal [23,10,8] codes give us two self-dual [44,22,8] codes with weight enumeratorsW1 for = 122 andW2
for = 104. They are equivalent to the known codes with these weight enumerators.
The 16 self-orthogonal [24,10,8] codes give us self-dual [44,22,8] codes with weight enumeratorsW1 for = 82, 86, and 90,
andW2 for = 68, 70, 72, 74, 76, 82, 86, 90, 104.
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Adding a zero column to the 60 self-orthogonal [25,10,8] codes,we construct self-dual [44,22,8] codeswithweight enumerators
W1 for  = 38, 40, 42, 44, 46, 48, 50, 56, 58, 60, 62, 64, 66, 70, 72, 74, 86, 90, and W2 for  = 32, 34, 36, 38, 40, 42, 44, 46,
48, 50, 52, 54, 56, 58, 60, 62, 64, 66, 72, 74, 76, 82, 86, 104.
There exist 332 self-orthogonal [26,10,8] codes with dual distance 4, 638 codes with dual distance 3, and 719 with dual
distance 2. Using these codes, we obtain self-dual [44,22,8] codes with weight enumerators W1 for  = 19, 20, ..., 68, 70, 72,
74, 86, and 90, andW2 for = 15, 16, ..., 56, 58, ..., 62, 64, 68, 70, 72, 74, 76, 82, 86, 104.
As the constructed self-dual codes are too many, we could not investigate them for equivalence. As codes with weight
enumeratorsW1 andW2 for = 61 have not been known, we give their generator matrices.
G1 =


GE O
10000000000000100000111111
01000000000011011111101101
00100000000000111111111011
00010000000001100011010011
O 00001000000111100000011001
00000100000000000111001111
00000010000101000100101101
00000001001011100101010000
00000000100010011110001010
00000000010101011001100100
111111111111111111 11111111111111111111111111
111111000000000000 00000001001000000000000000
000000111111000000 00000000000000011000000000
111000111000111111 00101001010010010000000000
000111000000111000 10111001000000100000000000
111111000111000000 01100000110000010000000000


generates a code with weight enumeratorW1, and
G2 =


GE O
10000000001010000001111111
01000000000100011001100011
00100000000001000110010111
00010000000101111111101001
O 00001000000001111101110111
00000100000100011110111111
00000010000100111100110000
00000001000101000010101011
00000000100101111001000100
00000000010000011101101100
111111111111111111 11111111111111111111111111
111111000000000000 10000000001000000000000000
111000111000000000 00000000001010000000000000
000000000111111000 00000000000000011000000000
111111111111000000 01011110110000010000000000
000000000111111111 01010111100100000000000000


generates a self-dual code with weight enumeratorW2.
We list the values of , for which self-dual [44,22,8] codes have been constructed until now, in the following theorem.
Theorem 15. Self-dual [44, 22, 8] codes with weight enumeratorW1 for = 10, . . . , 68, 70, 72, 74, 82, 86, 90, 122, and with
weight enumeratorW2 for = 0, . . . , 56, 58, ..., 62, 64, 66, 68, 70, 72, 74, 76, 82, 86, 90, 104, 154 exist.
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